Computer Modeling

Ordinary differential equations
continued



Homogeneous and nonhomogeneous
systems

}’1(t) = ay1()y1(t) + - +agy (©)yp(t) + uy (t)
)’2 (t) = a21(t)y1(t) + ot azm (t)}’M(f) + uz(t)

)’M(t) = a1M(t))’1(t) + -t aMM(t))’M (t) + UM(t)

)’1(t) = a1 (O)y,(t) + - +ay ()ym(t)
)’2 (t) = a21(t)y1(t) + -t azm(t))’M(t) "
VM (t) = Q1M (t))’1(t) Tt aym (t)}’M (t)



Homogeneous and nonhomogeneous
systems

}’1(t) = ay1(O)y,(t) + -~ +aqy (©)yy () + uq (t)
)’2 (t) = 021(t)}’1(t) + ot aZM (t)}’M(t) + uz(t)

YM(t) = a1M(t))’1(t) + -t aMM(t)}’M (t) + UM(t)

)’1(’5) = a1 (t)y1(t) + - +agy (£)yu(t)
}’2 (t) = a21(t)y1(t) + -t azm(t))’M(t)

(*)

Ym (t) = a1M(t))’1(t) + o+ aym (t))’M(t)



General solutions

M linearly independent solutions of a
homogeneous system of equations

V11 (E), eeeeeee , Ym1 (L)
PPN

Vaip (£), ooeeee e , Ymum ()
are called a fundamental system of
solutions.

}’11.(t) Yim (t)

W(t) = + 0

ym1(t) - Ymm(t)
forany t € (b, d).

W (t) — the Wronskian (determinant)

}’11.(’:) < [yam (t)

YMl. )1 - Lymm(t)

normed fundamental matrix
(state transition matrix)

®(t, ty) = Y)Y (to)

D (ty,ty) = I|—identity matrix

d(t, ty) is a solution of (&) with the
initial condition Y(ty) =1



Matrix equation

)'.1 ] [ul ] a homogeneous matrix equation
y — . u = .
Ym dy(t) — A(t)y(t) a fundamental
dt (solution) matrix
A=] : . ] a general solution |[nonsingular,
- ' ' Wronskian positive]
dy(t) y11(t) - yim(t)
= A()y(t) + u(t) Y(t) = :
ymi(t) - }’MM(t)
dLV1 (t)
dy(t) 30 = an OO +ax %0 | p =
Y, (t) = a1 (£)y, (t) + ax (O)y,(t )
dyM(t) Y1 (t)‘ _ [an(t) a2 ()] [y1 () M
l Y, (t) az1(t) az () ly,(t)




Nonhomogeneous equations

2O =ABy@©) +u) (9

Let’s try a solution

y(t) = y°(t) + y°(t)

y*(t) — a particular solution of ($)
y°(t) = Y(t)h — a general solution
of the homogeneous equation

dy°’(t)
ranke A(t)y°(t)

d(y*()+y°(t) ) _ s
” = A()y*(t) +

+A()y°(t) + u(t)

A general solution of

a nonhomogenous equation =

a particular solution of the
nonhomogenous equation + a general
solution of the homogenous equation

Variation of parameters method

y>(t) = Y(O)h(t)

(t) dh(t) _
o h(t) + Y(t) T

Y(t) - a fundamental matrix

A (t)h(t) + u(t)

7 =Y ' (Du(r)
h(t) = [, Y'(Du(®)dr  h(ty) = 0

t
y () =Y() | Y (Du(r)dr

to

t
y(t) =Y()h+Y() | Y '()u(r)dr

Lo

General solution of the nonhomogenous equation



General solution
of nonhomogeneous equations

t
yS(t) =Y(t) | Y '(Du(r)dr

to
t

y()=Y()h+Y(t) | Y I(Du(r)dr

to
y(t) = Y)Y 1 (to)Y(to)h +

t
+Y(t)Y‘1(t0)j (Y(T)Y'l(to))_lu(r)dr =

t
— ®(t,ty)b + D (L, t,) f &1 (1, to)u(r)dr
to

t
y(t) = ®(t, tg)b+ | ®(t,7)u(r)dr

to

®(t,7) or Y(t) has to be known!

b= Y(t,)h

28 =a®)y®)  y(to) = o

Yo a(t) y(t) = yoelo O

A question

20~ awy©

s it true that y(t) = ef‘to A(T)dtyo ?
| f ay, (t)dt f alM(t)dt-

[agc=|
faMl(t)dt faMM(t)dt

true only if the matrix and its integral commute

A(t)]A(t)dr = fA(r)dr A(t)




¢ = lim (1 - %)n F u n Ct i O n e At (proof from the definition)

e
mn-—00
0l — _— ehieghz = gh2pA1  if A, A, commute

. t!
b=0 (At)? o Aiti  2A;,A; commute (Aj;A; = AzA,)

=1+ At + 1 + e = Z » eA1+A2 = eAleAZ

. i=0 L: .
corrolaries
M ower series — convergent
P & eAlt1ttz) = pAtipAtz (At At, commute)

A(t) continuouson b <t < d, then the

A\l _ _-A _ _
series converges uniformly (e?) =e (ty =1, tz =—1)

- - -Al 0 - eAl 0
o LI A TS IR B I
v v 0 A, 0 eAm
— 1 0] — At _ Lt 10 because
o =1 ¢=¢ [ Al 0
At 2 I —
e = A+ A%+ AP 4o = A A |
at 0 Al

1 S nonsingular
4 A0, %2 commute (ALY = LOA())

-1 _

eSA5 " = SeAS~1 (from the definition) deA(t) dAD) A
P e =€ ©) | deteA =e™ >0
— || (SAS1SAS~! = SA2S71) | trA = ay; + -+ Ay

— — — — — — — — — — — - -



A fundamental matrix
ftto A(T)dt ,

e
dy (t) : t
—— =AY (D) Y(0) =1 If A() J, A(D)dr = [, A@)drA(®)
t t
Is it true that Y (¢t) = olto AT 5 (commute)
d [, A@)dr :
t —e’to — A(t) I + A(T)d’[ +
e B fti) A(t)dr + t [ I, 3
: ’ ([ A@dr) += ([ A@dz) - | =
+%(ftz A(T)d‘t) +%(fttoA(r)dT) 2! ( ) 3.( to ) ]
= Al A

d [ A(D)d t
Eefto = =A(t) + A(t)f A(t)dt + In this case, Y(t) = efto Ar)dr (nonsingular)

1 (ot is a fundamental matrix, and it is
+ Efto A()dT A(e) + QA(t) (fto A(r)dr) * the fundamental matrix normed at to, i.e.

+5 [, A@drA®) [, A@@)dr + it A@ar

D(t, ty) =e’t
+3 (f A(T)df) A(t) + - = Example A(t)=a(t)B B — aconstant matrix




Equations
with constant coefficients

4 commute
t
DE=ay®) O ¥(to) = Yo

[y(t) = eAC-ty, |A [ Adr = [AdT A
eAt=to) the normed fundamental matrix
fort=t, (=1)

%‘) — AY(t) Y(0) =1

sLY ()} —1= ALY ()} LY ()} =Y(s)
(sI-A)LY(t)} =1

[(sI — A) nonsingular

“any fundamental matrix Y(0) satisies L@} = (1= A)!_ generical]
dY(t) et = L7{(s1-A)"'}
—= = AY(t)
dt
dﬁt) — Ay(®) + u(® sy(s) = Ay(s) +u(s)  (y(ty) = 0)

a general solution
t

y(t) = eAlt-to)p 4 f eAt-Dy(r)dr

to
a particular solution for y(ty) = y,

(sI—A) y(s) = u(s)

y(s) = (sI —A) tu(s)

y(t) = eAt-ty, + [ eAt-Dy(r)dr

G(s) = (sI — A)~1 the transfer matrix
G(s) = L{r(t)}



Nonsingularity of e

A _ ,trA d 211 212 d
dete € at 124 222‘ = —(211222 — Z12221) =
tI‘A — a11 + ree + aMM
11 22 12 21
=& Zyp + Z11 4z 4z Zy1 — Z12 4221 _
Sketch of a proof dt dt dt dt
dz dz Z VA
dZ(t) 11 12 11 12
7 — AZ(t), Z(O) — l j— dt dt + d221 dez =
Z21 222 dt dt
Solution: Z(t) = et a fundamental matrix
) _ |@1Z11 + Q12221 QuaZiz + GaaZza| |
M =2 Z21 Z22
-dzn lezq + 211 212 —
dt at | [a11 a12] [211 212] (21211 + Q22221 Q21212 + Q22222
dzz1 dzzz | Ay Qp2l1Z31 Zpo _ |%11211 a11Z12| | Z11 Z12 | _
| dt dt | Z21 Z22 Q227221 Q22222
_ [allzll + a12221 a11212 + a12222 = (all + azz) detZ = tr AdetZ
A21Z11 + Q22271 QAp1Z93 + Q223 d det Z(t
20 = tr Adet Z(t) detZ(0) = 1
— ,trAt —
det eAt = det Z(t) detZ(t) = e t=1

dete® = etrA



Nonsingularity of e? cont.

M =
(dzyy  dzyp;  dZy3°
dt dt dt
d221 dez d223 _
dt dt dt
d231 d232 d233
- dt dt dt -
3 3
i=1 A1iZi1 i=1 A1iZi2
— 3 3
= |2i=132iZj1  Xi=1Q2iZi>
3 3
i=1A3iZij1 i=1a3iZi2

3

3

i=1A1iZi3

3
Yi=102iZ;3

3
i=1a3iZi3 |

Laplace expansion along the 1st row

Z11
Z21
Z31

—Z12 |

Z12 2413 Zys
Z22 223| = Zq4 |232
Z32 233

Z21 Z13‘ 4z ‘221
Z31 233 13 1234

Zz3| .

Z33

d ‘11 %12 %13 dzqyq |%22 223
—|Z21 222 Zy3| = —= ‘ +
Z31 Z33
‘Zzz 223‘ _dzy, |%21 223| _
11 dt Z39 Z33 dt 12317 Z33
‘221 213‘ dzy3 | 421 222‘ n
12 dt 231 Z33 dt 231 Z32
o ‘221 Zzz‘ S B
= |z Z Z
Z13 dat 1231 Za3, 21 22 23
Z31 Z32 233
Z11  Z12  Z313 11 %212 Z413
n dzy, dzp; dzy; + Z21 222 233
dt dt dat dzz, dzzp; dzij
z z z
31 32 33 dt dt dat
Q11217 Q11212 Q11213
= | 2z Z22 223 |+ =
Z31 Z32 Z33

and further as before

(ay1+ ayp+ azz)detZ =tr AdetZ




Jordan canonical form:
distinct eigenvalues

d‘;(tt) = AY(t), transformation of Y(t) to For distinct eigenvalues A; # /1]- fori #j
Z(t) = S71Y(t) S - anonsingular matrix 14 0 ) oAt 0
_ . t _ .
PO — Azt A = S71AS A=l - ¢ = '
dt At 0 AM L0 e)lMt_
A -Jordan canonical form LZ(t) =e ' B ]
A A
The form depends on eigenvalues of A sjpe’tt e syyeMt
Y(t) =SZ(t) = : :
(A—ADx = O/ the characteristic equation SMle)l SMMeA mt

det(A — AI) = 0 - M eigenvalues 4;
X; - eigenvectors

Y(t) - a fundamental matrix (Example (£))

distinct (single) eigenvalues: a general solution

columns of S are eigenvectors, as Sit ] of the homogeneous equation
AS = SA Si=| " | #0 fordistinct eigenvalues
A[Sl,...,SM] — [/1131,...,/1MSM] -SiM_

(A—21Ds;=0,..,(A—yDsy,; =0 yO() = Y()h = XL hysiett = 3L, ciet




An example (1)

dy:(t)

7r = ov1(t) +4y2(0)
220 — (0 + 53200

the characteristic equation
|5 - A

— 22 _ —_
o= -10049=0

).1 —_ 1, A.zz 9
an eigenvector for4; =1

[i i] [811] =0, 511 =155, =-1

521
an eigenvector forA, =9
—4 4 1[512] _ _ _
] [322] =0, 592=1,5,=1

9t
ot

el e
—e" e
a fundamental matrix
t ot
e e
Y(t) = [ ]
_et %
a general solution

yl(t) = hlet + hzegt
y2(t) = —h,e’ + hye

W(t) = = 2e1%t > 0

t

checking

L,: hiet + 9hye®

P;: 5(hiet + hye®) + 4(—h,et + hye®t) =L,
L,: —h,et +9h,e®"

P,: 4(h,et + h,e®) + 5(—h et + hye®) =L,



An example (2)

dy, (t)

dt V1 (t) Y2 (t)
d
220 5, + 7,0

the characteristic equation
‘1 A —1

_ 12 _ _
=2 -2242=0
2.1—1+l, Az—l—l
an eigenvectorforA;, =1+1i

[—1i :H [Zﬂ =0, 511=0521=1

an eigenvector forA, =1 —1i

[; _zl] [ilﬂ =0, 512 =152 =1

}’11(t) — ie(i“)t = —elsint +ietcost
V51(t) = eVt = el cost + jetsint

y12(t) = iet—Vt = ptgint +iet cost

}’zz(t) = —e-Dt = _ptcost +ietsint
t it

W(t) = e“cost e sin t 22t S 0
etsint etcost

a fundamental matrix

Y(t) = [et cost —et sin t]
etsint elcost

a general solution

y,(t) = hyet cost — hyetsint

y,(t) = hyetsint + hyet cost



A=S"1AS
-Al
A =
i 0
A
A=
_ 0
A, O
1 A
L0 0

Alj - All + Fl]

Jordan canonical form:
multiple eigenvalues

L — number
of different
eigenvalues

k; - multiplicity of

A,  the I-th eigenvalue

0
0
A

0

0 O]
0 O
o o| @alJordan

block

1 2.

- O
-

Flj -

LR O

0 0 1 0

eA11t

oAt —

0

e

Aljt —_ e()hl-f-Fu)t —_ ellteFl}'t

0

eALkLt_

Fijt _ 1 p2.2
el —l+F,jt+5FUt + oo
assume k; = 3

0 00 0 00
Fj=[1 0 of F;=[0 0 o Fj;=0
010 1 0 0

. 1
et = et (1 + Fyjt + - Fft?) = eht

in general

1

t

1.2
Bk

I and F;
commute

~ = O

L k-1
y(t) = Z Z t/eMZ,;h
=1 j=0

Z,j depends onlyon A, notont

= o9




Jordan canonical form:
multiple eigenvalues

y(t) = %:1 Zfl:—ol tje)‘ltleh -

- ellt Cio -+ telltcll + oo 4 tk1_1e/11tC1,k1_1 -+
+eALtCL0 + te;{LtCLl + oo+ tkl‘—le;{LtCL’kL_l

Jordan decomposition is numericaly unstable

Example
1 €]

A= [1 1.

For € = 0 the Jordan form
1

A= [ X

Fore > 0
-4 fl=A-2141-£=0
A.]_:l—\/_ 2.2=1+\/E
[311 511=—\/E
1 \/_ 321 Sy =1
[512 S12 =1
1 —\/_ 522 3'22:\/E
1 a1
| 2V 2.
A=sAs=| 2° 2 1 5] —ve 1f_
e z‘-l 1 [ 1 Ve
1—ye 0




Calculation of e\t
from the definition (1)

et =1+ At + AZfz + e = Z?ioAzfi
1.A= 8 8 eAt= (1) (1) Hints:
2.4=] g eht= blt] 2. A? = [g 8
3.A= (1) (1) eAt= et [(1) (1) 3.Al = (1) (1)
4.A = g g eAt= gat (1) 2] 4. Al = :‘(‘; c(l)i]
5.A = C(; Z eAt= gat (1) blt‘ 5.A = [8 2] = [g g‘ (commute)

ef1thAz = ph1ph2 (A A, = A,A,) [g 2] [8 g] - [8 g] [g 2] - [8 Ct)b]



Calculation of et

from the definition (2) |- RO FUTFE. G -

=0 i!
[0 T At_ [cosht sinht 7 B = 0 b Bt _ cosh bt sinhbt
6. A= [ | €= [sinht cosht . [b 0 ¢ [sinh bt coshbt
> [0 1710 171 _11 O7_ 1] _
A_l 0111 0]_[0 1_l [ ] b 0] bA
- A foriodd =% = p? 3 =p3
A ={ I forieven ’ -[0 1] b F A
Yizo = I+At+——+—-+ = b'l1 forieven
) - o Bt l(bt)z A(bt)3
1+—+§+--- t+ = +ts+ Zizo— =1+ Abt+ 5=+ 5=+ =
) t+ +t5+ 14= +t"‘+ ] 1+(bt)2+(b:!)4+"' bt+(bt)3+(bst!)s+'"
! 2! B bt+(bt)3+(bt)5+m 1+(bt)2+(bt)4+m
1 —ty 1ot _ -ty : B 4
_ |2 (e +e™) 2 (e e™) _ 5(ebt + e~bt) %(ebt _ e—bt)
%(et - e‘t) %(et + e‘t) - l(ebt _ e—bt) l(ebt + e—bt) -
! i 2 2 .
_ [cosht sinhE] ooooeommmmmmmmenm e oo o [coshbt sinh bt
t : sinhbt coshbt

sinht cosht Eet+e‘t=1+t+%+- -+



Calculation of et
from the Cayley-Hamilton theorem

dettA—AD) =AM+ ay A" 1+ aq,=0

Matrix A satisfies its characteristic equation
AM + qp AM 1 4+ o+ gl = 0

Minimal polynomial
Al +kpy A7+ k=0 J<M

The minimal polynomial is unique,
A; are the roots of the minimal
polynomial,

but possibly of lower multiplicity.

Consider differential equation

dl f(t) dl=1f(t)
dtJ +t Km-1 dtJ-1

Let a set of functions

@), p=01,..,]-1
be the particular solutions satisfying

the initial conditions

),y (0 for r#p
fo (O)_{l for r=p

Then

et = f;_1 (A7 + -+ fo (O]




An example

1 5 0 IO _ 240 4 £ty =0
A=|0 1 0 det(A - /1]) = di f t

0 1 1 solutions: fl(t) =et fo,(t) =te

1-4 5 0 9:1®) = f@®), g2(6) =f'(®), &[o:]=[°, o]

=1 0 1—-4 0 |[=1-2)° A1) 21O ] et tet | _ o

0 1 1-2 WO=r© f®l et etaretl = >0
A = 1 —the triple eigenvalue a general solution f(t) = y,et + y,tet
(I — A)3 = 0 from the Cayley-Hamilton the particular solutions
theorem fo(0) =1, fo(l)(o) = 0: fo(t) = e* — tet
0 -5 0][0 -5 0] [0 0 0 £10) =0, £(0) = 1: f,(¢) = te
O 0 010 0 Of=(0 0 O 1 50 1 0 0
0 -1 040 -1 0of O O O eAlt = tet [O 1 0|+ (et —teb) [0 1 0]

0 1 1 0 0 1

The minimal polynomial (/] = 2) et S5tet 0
A—1)?2=2%-21+1=0 =[O et 0

0 tet et ey L TTTeT oI E

---------------------------------------



Calculation of eAt
from the Laplace transform

et = L7H{(s1 - A)™1}

[s # s; - any eigenvalue]

Lemma

_ A)-1 _ B
(s —A) = 25
where

d(s) = det(s —A) = sM +d;sM1 ...
+dpy-1S +dy

B(s) = s 1B, + sM 2B, + .-+ sBy_, + By _4

Proof: From the Cramer’s rule, the (i, ) element

of (sI — A)~'is equal to P;j(s)/d(s), where
P;j(s) is the cofactor of the (i, j) element. The

cofactor is equal to (—1)'*/ times the determinant

ofa(M—1) X (M — 1) matrix.

Formulae for matrices B;
By =1 d, = —trA

B, =BoA+d;l  d,=—tr (B,A)

Bk — Bk_]_A + dkl dk = —%tr (Bk—lA)

By-1=By2A+dyl dy-1= —ﬁtr (By-2A)

dy = —%U' (By-1A)
Comment

The elements of the (sI — A)~1 matrix are
rational functions of the variable s. It may
happen that some or even all elemements have
common factors both in the nominator and the
denominator.

Proof L.A.Zadeh, C.A.Desoer (1963) Linear System
Theory. McGraw-Hill, New York.




An example

dy1(t) s+3 _ 2 1 l 1

= 2N (t) + y.(¢) (s+1)(s+4)  3s+1 t 35
dy, (t 2 21 21

y;t( L= 2y, () = 3y,(¢) (s+1)(s+4) 3s+1  3s+4

1 11 11

dy(t) [ 1 ]y(t) (s+1)(s+4) 3s+1 3 s+4

£ - 2 _11 21

O A [S +2 1 (s+1)(s+4) " 3s+1  3s+4

s+ 3

eAt = L7H(sI-A)1} =

‘S+2 -1 =s2+5s+4=(s+1)(s+4) _1[2eF+e™ e t42e
-2 s+3 3|0e—t — 2p—4t -t _ p—4t
s+3 1
-1 _ |(s+1)(s+4) (s+1)(s+4)
(sI-A)" = 2 s+2
[(s+1)(s+4) (s+1)(s+4),




Equations
with periodic coefficients

dz_(tt) = A(t)y(t) y(0) =y,

A(t) —piecewise continuous periodic
function of t witha periord T M XM

A(t+T)=A(t)
The solution
y(t) = ®(t,0)yo & ®(t)y,

®(t) - the normed fundamental matrix

d‘;ﬁ” —A)D(E) @0) =1
d"’gtt”) —AGt+T)P(+T) =
—A)DP(E+T)

®(t + T) - a fundamental matrix
®(T) (t = 0) nonsingular

Y)Y d(t+T)P (T
e GLHGE TOES
Y(t) - the normed fundamental matrix

Y(t) = d(t)

Ot +T)=®(t) ®(T)

®(t +nT)=d(t) ®™(T)
y(t +nT) = ®@()P™(T)y,
y(nT) = ®™(T)y,



Equations
with periodic coefficients

consider an equation

d’;(t‘) = Bx(t) x(0)=

B — a constant matrix
x(t) = ePty,
require  y(nT) = x(nT)

®"™(T)y, = (B7)"y,

C=[y3,¥5 -, y5] - chosen to be
nonsingular

o"(T)C = (eBT)"Cc  x(C?
n=1

®(T) = BT

d(t) = P(t)e BleBt & pP(t)ebt
A fundamental matrix in
the Floquet normal form

y(t) = P(t)eP'y, | P(0) = ®(0) =1

The Floquet solution

P(t) periodic, as
P(t+T)=®(t+T)e BET) =
®(t) @(T)e et =
(t)eBTo-BTe—Bt — — (Ponents
— q)(t)e—Bt P(t)

P(t) continuous and periodic, thus bounded



Thank you!



